In § 1 v/e shall state some properties of stochastic integrals for the later use. We shall discuss stochastic differential equations in the r-dimensional Euclidean space in § 2 and in a differentiate manifold in § 3.
R Levy [2] J) , F. Perrin [11 A. Kolmogoroff [1] [2] and K. Yosida [1] [2] . It is the purpose of the present paper to discuss it by making use of stochastic integra]s. 2) In § 1 v/e shall state some properties of stochastic integrals for the later use. We shall discuss stochastic differential equations in the r-dimensional
Euclidean space in § 2 and in a differentiate manifold in § 3.
Some properties of stochastic integrals. Throughout this note we fix an r-dimensional Brownian motion^:
(1.1) β(t 9 ω)^(β i {t 9 ω) f β 2 {t,ω),.
. .,^{t,ω)), -oo < t < oo , ω (^Ω) being the probability parameter with the probability law Pand t being the time parameter. We assume that any function of t and ω appearing in this note satisfies the following two conditions:
(1.2) it is measurable in (t,ω), (1. 3) the value it takes at t = t 0 is a B-measurable function 4) of the joint variable (β(t,ω), τ ί= to) for any to.
If it holds contains all the points ξ(t, ω), u ^t ^v 9 ωεft, then we have
We shall here mention only the outline of the proof.
7)
First we shall state a lemma.
LEMMA.
Λ (^J *,ω) j"c(tf,ω)dβ'\ύ 9 ω)dβ t \τ 9 ω) /, ω) jj&(r, ω)dβ\τ, ω)dβ'\σ 9 ω) (ί«7 -Kronecker's delta).
We can prove this lemma first by considering the special case that both b(τ,ω) and c(τ,ω) are uniformly stepwise S) in (s,t) and next by taking the limit in the general case.
In order to prove (1.8) we need only to compute the following expression :
> A function is called to be of Grclass if its partial derivatives of the second order are all continuous.
?
} The author will publish the proof in details in another note.
8
> ό(r, ω) is called to be uniformly stepwise in (s, 2) if there exist a division of the interval (s,t): s = *o<*i < . . . </ n = * independent of ω such that 6(r, ω) 6(ί/-i, ω), /*-, r ^/*, /= 1,2,. . . ,«. Cf. K. Itό [1] , [3] §7.
by making use of the above lemma and to take the limit as n -> oo. THEOREM 1.2. The functions a(t 9 ω), bi{t,ω), I = 1,2,. . . ,r, tfre uniquely determined by ξ{t,ω) in the sense that in probability. But the left side is always equal to 0 by the assumption and so we obtain for almost all ω in i2 J? which completes the proof, We have already obtained the following inequality
The following theorem gives us a more precise evaluation in the case that b{t, ω) is uniformly bounded. Therefore the left side of (1.11) is less than
n account of (1.9).
2. Stochastic differential equation on the r-dimensional Euclidean space.
In this paragraph we shall treat a stochastic differential equation:
with the initial condition
where c z '(ω), ί = 1,2, . . . ,r are immeasurable functions of (β(τ,ω) 9 τ ^ u).
This stochastic differential equation is equivalent to a stochastic integral equation :
Under the following four assumptions n ) : .7) by the method the author has used in one-dimensional case (K. Itό [1] , [3] Th. 11) but it is unnecessary for our present purpose to do so.
Proof of the existence. We shall make use of the successive approximation method to find a solution of (2.3). We define f»(ί,ω), n = 1,2,. . . , recurively as follows:
Then we have
Σ (
i lJu j jV(T, |o(τ,
in making use of (2.6). In the same manner we obtain
by virtue of (2.4), From (2.10) and (2.11) it follows that K being a constant determined by A l9 B h A, B, u and υ. Since we see, by Borel-Cantelli's theorem, that there exists a function ξ{t, ω) such that
. . , r, are clearly -B-measurable functions of (£(τ, ω), r ^ t) for each ί. But we have further
from which we see that ξ { {t 9 ω) 9 i = 1 ? 2 ? . . . ,r 3 are all measurable in (ί,ω). Taking the limit of (2.9) as n -» oo ? we see that f(f,ω) satisfies (2.3).
Proof of the uniqueness. Let ζ{t 9 ω) and ξ(t,ω) satisfies (2.3). In the same manner as (2.12) we have Proof. It suffices to prove that the totality Ώι of ω for which ξ(t,ω) φ U for some t has P-measure 0. Assume that P(X?j) > 0. Since ξ(t,ω) is continuous in t for each ω 9 there exist t and
on an ω-set i? 2 (E Ωi) with positive P-measure. From (2.13), (2.14), and (2. almost everywhere on Q l9 which contradicts with (2.16).
Stochastic differential equation in a differentiable manifold.
Given any r-dimensional differentiable manifold of C 2 -class J2) Λf. By a continuous random motion in M we understand an M-valued function π(t 9 ω) of / and ω which is measurable in ω for each t and continuous in t for each ω. Hereafter we assume that (3.1) π{t 9 ω) is a J3-measurable function of (β{τ 9 ω), τ ^ t).
Let ξ(t 9 ω) = (f J (f,ω), J 2 (ί,ft)),. . . 9 ξ r (t 9 ω)) be any local coordinate of π{t 9 ω).
If. we define ξ(t 9 ω) = 0 in case 7r(ί, ω) is outsides of the coordinate neighbourhood, ζ\t,ω) proves to be a immeasurable function of β(τ,ω) 9 τ ^ t 9 on account of (3.1). We can easily see that £*' (*> ω) is measurable in {t 9 ω).
We shall consider a stochastic differential equation:
12) By definition an r-dimensional differentiable manifold of C 2 -class is a Hausdorff space with the second countability axiom and with coordinate neighbourhoods, each homeomorphic to the interior of a sphere of r-dimensional Euclidean space and such that the coordinate relationships between the coordinates of the two intersecting neighbourhoods are of Qrclass. . . ,* r )) depend upon the special choice of the local coordinate. We assume that they are transformed between two local coordinates x and x in the following manner:
Now we shall explain the reason why we choose such a transformation law. Let x = (x\ x-, . . . , x r ) and x = (# J , ^2, . . . , x r ) be two local coordinates defined on a neighbourhood U in M such that In making use of Theorem 1.1 we deduce from (3.2) and (3.5) (3.6) dψ(t,ω) = {:ry»'(f(f,ω))β*α £(*,<»))
whenever π{t, ω) is contained in U. By Theorem 1.2 it follows from (3.2') and (3.6) that
b/(t,ξ{t,ω)) = ΈΛ i {S(f,ω))b/'(t,i(t,ω)) . k
In order to express a sufficient condition for the equation (3.2) to have a unique solution, we define the boundedness of a\t,x) and bj^t.x) as follows. DEFINITION . By a canonical coordinate around p we understand any local coordinate which maps a neighbourhood of p onto the interior of the unit sphere in the r-dimensional Euclidean space R r and especially transforms p to the centre of the sphere.
By a canonical coordinate system on M we understand a collection of canonical coordinates such that, for any point of M 9 there exists a canonical coordinate around the point in the collection. 
Then there exists one and only one solution of the stochastic differential equation (3.2) with the initial condition:
τ:(«,ω) =p{ω) ,
where p(ω) is an M-valued B-measurabte function of (β(r, ω), r ^ t).
Proof of the existence. We shall denote by {χ p = {x p ι . . . χ p r ): p&M) a canonical coordinate system which satisfies (3.7) and by S(S h S 2 ) the interior of the sphere with the centre at the origin 0 and with the redius 1(1/3,2/3),, and by Up{U p r ) the totality of all the points of M whose ΛT^-coordinate lies in S(Si). Since M satisfies the second countability axiom, we obtain a sequence in M: {p n } for which {U Pn '} covers the whole space M. We denote x Pn , U Pιtt and UpJ respectively by x n = (x n \ . . . ,x n r ), U n and £/«'. We define V n by
It is clear that
Now we shall define a random motion 7r m (ί ? ω) which satisfies the equation In making use of 
where Ω nic = *ΣΩ nk n and G is a constant which depends neither on m nor on. In order to obtain a solution of (3.2) we need only to put As to the uniqueness, by making use of the uniqueness of the solution of (2.3), we can easily prove that any solution of (3.2) is coincident with the solution above obtained, which completes the proof of our theorem.
Example 1. If M is a closed manifold, the condition (3.8) follows from cept possibly on an co-set of P-measure O(s -t)\ Since f(p) is bounded on M by the assumption, we have which proves (3.18).
